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ppscattering lengths

r
p

p At low energy,  kr « 1,

S-wavedominates the 

scattering amplitudes, 

with Isospin = 0, 2

Scattering matrix :                                           S|́ ˊ>= e2iŭ|ˊˊ>

may be parametrized using 2 phases:             ŭ0,2= a0,2k + O(k2)

At low energy  S-wave scattering lengths  a0, a2 are

essential parameters of  Chiral Perturbation Theory ( ChPT).

Progress in experimental measurements allows a stringent test 

of ChPT predictions. 
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Theoretical predictions

ChPT constraint: 
a2 = -0.0444(8) + 0.236 (a0ï0.22) ï

0.61 (a0 - 0.22)2ï9.9 (a0 - 0.22)3

a0

a2
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a0 = 0.220 Ñ0.005

a2 = -0.0444 Ñ0.0010

Precise prediction within 

ChPT:

(Colangelo, Gasser, Leutwyler, 

PRL 86 (2001) 5008)

a0 = 0.220 Ñ0.005

a2 = -0.0444 Ñ0.0010

Scattering lengths a0,a2 

are directly connected to mp:

(Weinberg, PRL 17 (1978) 275)

7 mp
2

a0 ~ =  0.16

32pFp
2

- mp
2

a2 ~ = -0.045

16pFp
2

7 mp
2

a0 ~ =  0.16

32pFp
2

- mp
2

a2 ~ = -0.045

16pFp
2



Semileptonicdecay mode Ke4
K ±Ÿp+p- e± n

ÅMeasurement of a0, a2 

Ásmall BR= 4.1 x 10-5

ÁS118 (1977): 30,000 events 

ÁBNL E685 (2003): 400,000 events 

ÁNA48/2 (2009): 1.1 x 106 events 

Hadronicdecay mode K3p
ÅMeasurement of (a2-a0), a2 

Cusp in K±Ÿp0 p0 p±

Álarge BR = 1.7% 

ÁNA48/2: 60 x 106 events

Cusp in KLŸp
0 p0 p0

Álarge BR = 19.6% 

ÁKTEV, NA48/2: 70+100 x 106

events

Measuringpp scattering lengths
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Three different approaches to measure  a0 anda2

Pioniumlifetime (p+p- )atom

ÅMeasurement of |a2- a0|

ÁDIRAC CERN/PS  ~40% data 

analyzed: 6,500 events         (PLB 619 (2005) 



ppscattering lengths

in Ke4 decays
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ppscattering lengths from Ke4 decays
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ÁKe4decay amplitude depends on two complex phases:
ÅdS ppscattering phase shift for I=0, l=0   (S-wave)

ÅdP ppscattering phase shift for I=1, l=1   (P-wave)

(I=2 is suppressed by the DI=1/2 rule)

ÁDecay rate depends on difference d=dS -dP , with d=d(mpp)

ÁdÍ0  implies asymmetric distribution of lepton w.r.t.ppplane



ÁKe4decay event selection:
Å3 charged tracks and 1 good vertex

Å2 opposite sign p, 1 electron (E/p ~1)

Åmissing transverse momentum

Åkaon momentum close to 60 GeV/c

ÁBackground: 
ÅK±Ÿp±p+p- with  pŸ en or 

mis-identified pion

ÅK±Ÿp±p0(p0) withp0Ÿ e+e-g

and mis-identified electron

ÅBackground estimation from wrong 

sign (WS) i.e. K+Ÿ p+p+e- events

Background  ~ 0.6%

1.13 x 106 events

Ke4 events selection
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Ke4

K3p

K p±p0 (p0)
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Formalism of Ke4 decay

ÁKe4 is a 4-body decay         5 independent kinematic variables 
(Cabibbo-Maksymowicz variables, 1965)

Sp= m
2
pp; Se= m

2
en; cos◒p; cos◒e ; ◖

ÁPartial wave expansion of 

the amplitude    (Pais-Treiman 1968)

F,G  are 2 Axial Form Factors: 
ÅF= FS eids+ FP eidp cos◒p+ D-wave term

ÅG= GP eidp + D-wave term

H= 1 Vector Form Factor:
ÅH= HP eidp + D-wave term

F(FS, FP), G, H, d=dP-dS

are the fit parameters

Áq2 dependence can be studied 

expanding fitted form factors: 
(Amoros-Bijens 1999)

ÅFs = fs+ fs'q
2+ fs"q

4+ fe (m
2
en/4 m2

p)+...

ÅFp= fp+ fp'q
2 +...

ÅGp= gp+ gp'q
2 +...

ÅHp= hp+ hp'q
2 +...

with  q2= (m2
pp/4 m2

p)-1
(this Taylor expansions are valid 

in the Isospin symmetry limit)
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Ke4 fitting procedure

Data:   K+ sample:  726 400 events                           48 events/box

K- sample:  404 400 events                           27  events/box

MC:   K+ sample:  17.4 106 events                         1160 events/box

K- sample:   9.7 106 events                            650 events/box

ÁThe fit parameters are FS, FP, GP, HP and d=dS-dP

ÁFull event sample (2003&2004):  1.13 million Ke4decays

ÁFit in iso-populated boxes in the 5-dim variables:
10(mpp) x 5(men) x 5(cos◒p) x 5(cos◒e) x 12(◖) = 15,000 boxes

ÁThe form factors and phase shift are extracted by minimi-

zing a log-likelihood estimator in 10 independent mpp bins

ÁK+ and K- samples fitted separately and then combined in each 

mpp bin according to their statistical error. 
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Ke4 fit results: data/MC comparison

m2
pp m2

en

cos◒p cos◒e

ū(K+) ū(K-)

pŸ en

WSx10

(GeV/c2)2 (GeV/c2)2

(rad) (rad)
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Ke4 form factor results

ÁOnly relative form factor (Fp/Fs, Gp/Fs, Hp/Fs) are measured 
(no overall normalization from BR)

Á The form factor structure is studied in 10 bins of q2

fsó /fs =    0.152 ± 0.007stat± 0.005syst

fsñ /fs= ī0.073 ± 0.007stat± 0.006syst

feó /fs =   0.068 ± 0.006stat± 0.007syst

fp /fs = ī0.048 ± 0.003stat± 0.004syst

gp /fs  =   0.868 ± 0.010stat± 0.010syst

gpó /fs =  0.089 ± 0.017stat± 0.013syst

hp /fs= ī0.398 ± 0.015stat± 0.008syst

First evidence of non-zero f́ e and fp

Systematics from 

acceptance and 

background control

(Submitted to Eur. 

Phys. J. - 17 Sept 2010)

In agreement with our 

partial data sample 

publication: (R.Batley 

et al. EPJC 54-3, 411, 

2008) 



From phase shift to scattering length
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Corrections to be applied:

ÁRadiative effects:

included in the simulation   

(Coulomb attraction, IB) 

ÁMass effects: 

Isospin corrections have to be   

applied to d. Developed in close 

collaboration with NA48/2.
(Colangelo, Gasser, Rusetsky, EPJC 59 (2009) 777)

Size of correction on d~10-15 mrad 

(Exp. stat. precision ~7-8 mrad)

Isospin corrections 

Ke4 fit range

285 ï390 MeV

2 parameters fit



Fit in the (a0, a2) plane
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1par. fit 

(ChPT)

a0
0.2206 ± 0.0049stat 

± 0.0018syst 

± 0.0064theor 

2par. fit

a0
0.2220 ± 0.0128stat 

± 0.0050syst 

± 0.0037theor 

a2
-0.0432 ± 0.0086stat 

± 0.0034syst 

± 0.0028theor 

Precise ChPTprediction, 
CGL NPB 603(2001), PRL86(2001)

a0 = 0.220 ± 0.005 and 
a2 = -0.0444 ± 0.0008

or (a0 ða2) = 0.265 ± 0.005
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Two parameters best fit values for a0 and a2 from 

each Ke4experiment and combined. 
Vertical bands correspond to the best predictions from ChPT.

Comparison with previous Ke4 results

a0 a2



ppscattering lengths

in K3pdecays
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K3pevents selection

ÁOffline K±Ÿp0p0p± selection: 
ÅRequire 1 track and 4 e.m. LKr calorimeter clusters 

Åp0Ÿggcluster pairing:consider all 3 combinations and choose 

2-vtx combination with closest vertices (minimize vertex difference DZ)

ÅCalculate 

M00= M(p0p0) 

invariant mass 

using only e.m. 

calorimeter and 

vertex information 

60 million events 
with mass resolution of 1.3 MeV and negligible background
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M 00 = M(p0p0) distri-

bution shows a clear 

CUSPstructure at 

M(p0p0) = 2 M(p±)

Cusp in K± Ÿ p± p0p0decays

Thanks to:

VVery high statistics 

VVery good calorimeter 

resolution  

VProperM00 reconstruc-

tion strategy

p+p- threshold

zoom

Fit region

interpreted as due to the final state 
charge exchange scattering process  

p+p-Ÿ p0p0 in K±Ÿp±p+p- decays
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Cusp: Theoretical approach (CI)

Åp+ p-Ÿ p0 p0  phenomenological approach: 

ÅThe no-rescattering term is given by the standard 

PDG expansion

ÅThe first-rescattering term is real below threshold 

and imaginary above. Negative interference below 

threshold arise.

ÅThe amplitude depends on a0-a2

(Cabibbo, PRL 93 121801, 2004 but predicted earlier 

Budini, Fonda, PRL6, 419, 1961)

CUSP point

Subleading effect

No rescattering 
amplitude

Leading effect

ÅMore complete calculation 

Årescattering corrections from p+p-Ÿp0p0 , 

p+p0Ÿp+p0,............

ÅTwo-loop level corrections, O(ai
2)

ÅNo O(ai
3), no radiative corrections

(Cabibbo, Isidori, JHEP03, 21, 2005)

M(p0p0) 

a) 2pscattering
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Cusp: Theoretical approach (BB)

Approach by the Bern-Bonn group:
ÅDifferent approach based on an effective non-relativistic 

Lagrangian

ÅDifferent structure of the expansion with respect to CI (kinetic 

energy and threshold parameter).

ÅSimultaneous fitting of charged and neutral amplitudes to 

extract Dalitz plot slope parameters 

ÅElectromagnetic effects naturally included

ÅRadiative corrections, outside the cusp point included.
(Colangelo, Gasser, Kubis, Rusetsky, Phys.Lett.B 638, 187, 2006; Bissenger, 

Fuhrer, Gasser, Kubis, Rusetsky, Phys.Lett.B 659,576, 2008; Bissenger, 

Fuhrer, Gasser, Kubis, Rusetsky, NPH B806, 178, 2009)

Provides so far the most complete description of 

rescattering effect
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Fit to the M(p0p0) spectrum (BB)

Free fit parameters: 

Åa0-a2, a2, 

ÅDalitz plot parameters,

Ånormalizations (fit also 

includes K±Ÿp+p- p±

decays).

b) Pionium fraction 

Fatom left free in the fit

Residual = (data-fit) /data

Fit range

7 points excluded from fit

Fit range



Rad. Corr. Off
a) Pionium fatom

fixed

c) with ChPt 

constraint

a,c)  both

Rad. Corr. On

Final result

(fatom, a0-a2, a2

free in the fit)

Cusp fitting results
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(...) stat error

no(...) = fixed par.



ppscattering lengths

in  Ke4and K3pdecays
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Ke4and Cusp results combined

correl. =0.92

DIRAC ppatom lifetime 

(Phys.Lett. B 619 (2005).

a2

a0



Ke4and Cusp results combined

Very good agreement with ChPT prediction:(a0-a2) m+ = 0.265 Ñ0.004
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a2

a0-a2

correl. =0.21



Comparison with other exp-results

a0-a2 a2

Two parameters best fit values for a0-a2 and a2 from 

both NA48/2 channels and combined result. 
Vertical bands correspond to the best predictions from ChPT.
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Conclusions
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Two statistically independent measurements by NA48/2 of the 

ppscattering lengths in Ke4 and K3p decays:  

1.15·106 Ke4 and   60·106 K3p (Cusp)   events
VDifferent systematics: K3p : calorimeter and trigger; Ke4: electron 

misID and background

VDifferent theoretical inputs:    K3p : rescattering in final state and  

ChPT expansion;  Ke4: Roy equation and isospin  breaking connection

Large overlap in the (a0-a2, a2) plane 

ppscattering lengths results from Ke4 andK3pare fully consistent

the experimental results are in very good agreement with ChPT

the achieved experimental precision on a0 is now competitive with 

the theoretical precision (±0.005)in both decay modes

Kaon decays give unique possibility to study low-energy hadronic 

interactions with high precision.



Spares



Comparison with previous Ke4 results
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a0

Phase shift measurements for all Ke4 available results. The line 

corresponds to the two-par. fit of NA48 data alone. On the right 

values obtained for each individual result from the inverted ChPT 

constraint. The yellow band is from the global fit of NA48 data.



Distribution of the 

difference between 

the p0p0p±

invariant mass and 

the nominal K ±

mass for the 

selected

K±Ÿp0p0p±

decays

K3pevents invariant mass 
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Fit of phase shift  d=d0ïd1
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2-parameters fit:

1-parameter fit (with ChPT constraint):

a0 =    0.2220 ± 0.0128stat± 0.0050syst± 0.0037theo

a2 =  - 0.0432 ± 0.086stat± 0.0034syst± 0.0028theo

a0 =    0.2206 ± 0.0049stat± 0.0018syst± 0.0064theo

Theoretical error computed from isospin corrections and Roy equation 

inputs (Gasser et al. Eur.Phys.J. C59:777, 209).
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Cusp results on a0- a2 and a0

a2

a0-a2

ÅFinal result: 
(EPJC 64 (2009) 589)

a0-a2 =
0.257(5)stat(3)sys(1)ext

a2 =
- 0.024(13)stat(9)sys(2)ext

Åwith ChPT constraint:

a0-a2 =   

0.2633(24)stat(14)sys(19)ext

ÅChPT prediction:

a0-a2= 0.265(4)



ppscattering lengths

in  KLŸp
0p0p0decays
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Evidence for a change of slope 

near the cusp point. 
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NA48/2 data taking in 2000:

pp scattering lengths in KLŸp
0p0p0


